Abstract. We prove in this paper that every p-local compact group is approximated by transporter systems over finite p-groups. To do so, we use unstable Adams operations acting on a given p-local compact group and study the structure of resulting fixed points.
The theory of p-local compact groups was introduced by C. Broto, R. Levi and B. Oliver in [BLO3] as the natural generalization of p-local finite groups to include some infinite structures, such as compact Lie groups or p-compact groups, in an attempt to give categorical models for a larger class of p-completed classifying spaces.
Nevertheless, when passing from a finite setting to an infinite one, some of the techniques used in the former case are not available any more. As a result, some of the more important results in [BLO2] were not extended to p-local compact groups, and, roughly speaking, that p-local compact groups are not yet as well understood as p-local finite groups. It is then the aim of this paper to shed some light on the new theory introduced in [BLO3] .
The underlying idea of this paper can be traced back to work of E. M. Friedlander and G. Mislin, [F1] , [F2] , [FM1] and [FM2] , where the authors use unstable Adams operations (or Frobenius maps in the algebraic setting) to approximate classifying spaces of compact Lie groups by classifying spaces of finite groups. More recently, C. Broto and J. M. Møller studied a similar construction for connected p-compact groups in [BM] .
Here, by an approximation of a compact Lie group G by finite groups we mean the existence of a locally finite group G • , together with a mod p homotopy equivalence BG • → BG (that is, this map induces a mod p homology isomorphism). Since G • is locally finite, it can be described as a colimit of finite groups, and this allows then to extend known properties of finite groups to compact Lie groups. Of course, this argument is unnecessary in the classical setting of compact Lie groups, since other techniques are at hand.
As we have mentioned, the works of Friedlander and Mislin depended on Frobenius maps and their analogues in topological K-theory, unstable Adams operations. For p-local compact groups, unstable Adams operations were constructed for all p-local compact groups in the doctoral thesis [J] , although in this work we will use the more refined version of unstable Adams operations from [JLL] .
One can then study the action of unstable Adams operations on p-local compact groups from a categorical point of view, focusing on the definition of a p-local compact group as a triple (S, F , L), which is in fact the approach that we have adopted in this paper, and which will lead to a rather explicit description of the fixed points of a p-local compact group under the action of an unstable Adams operation (of high enough degree).
The following result, which is the main theorem in this paper, will be restated and proved as Theorems 3.7 and 3.10.
Theorem A. Let G = (S, F , L) be a p-local compact group, and let Ψ be an unstable Adams operation on G. Then, Ψ defines a family of finite transporter systems {L i } i∈N , together with faithful functors
for all i, such that there is a mod p homotopy equivalence
Each transporter system L i is associated to an underlying fusion system F i , which is Ob(L i )-generated and Ob(L i )-saturated (see definition 1.14). The notation comes from [BCGLO1] . The first property (generation) means that morphisms in F i are compositions of restrictions of morphisms among the objects in Ob(L i ), and the second property (saturation) means that the objects in Ob(L i ) satisfy the saturation axioms.
The saturation of the fusion systems F i remains unsolved in the general case, but we study some examples in this paper where, independently of the operation Ψ, the triples G i are always (eventually) p-local finite groups. To simplify the statements below, we will say that Ψ induces an approximation of G by p-local finite groups if the triples G i in Theorem A are p-local finite groups. This definition will be made precise in section §3.
The following results correspond to Theorems 4.1 and 4.9 respectively.
Theorem B.
Let G be a p-local compact group of rank 1, and let Ψ be an unstable Adams operation acting on G. Then, Ψ induces an approximation of G by p-local finite groups.
Theorem C. Let G be the p-local compact group induced by the compact Lie group U(n), and let Ψ be an unstable Adams operation acting on G. Then, Ψ induces an approximation of G by p-local finite groups.
As an immediate consequence of approximations of p-local compact groups by p-local finite groups, we prove in section §3 a Stable Elements Theorem for p-local compact groups (whenever such an approximation is available). Stable Elements Theorem has proved to be a rather powerful tool in the study of p-local finite groups, and one would of course like to have a general proof in the compact case. In this sense, our conjecture is that the constructions that we introduce in this paper yield approximations by p-local finite groups for all p-local compact groups.
One could also choose a different approach to the study of fixed points in this p-local setting. Indeed, given an unstable Adams operation Ψ acting on G, one could consider the homotopy fixed points of BG under the natural map induced by an unstable Adams operation acting on G, namely the homotopy pull-back
/ / BG × BG, and apply the topological tools provided in [BLO2] and [BLO4] to study the homotopy type of X. This point of view is in fact closer to the work of Broto and Møller [BM] mentioned above, and will constitute the main subject in a sequel of this paper, where we will relate the constructions introduced in this paper and homotopy fixed points.
The paper is organized as follows. The first section contains the main definitions of discrete p-toral groups, (saturated) fusion systems, centric linking systems, transporter systems and p-local compact groups. This section also contains the definition of unstable Adams operations from [JLL] . In the second section we study the effect of a whole family of unstable Adams operations acting on a fixed p-local compact group. This section is to be considered as a set of tools that we use in the following section. Indeed, the third section contains the construction of the triples G i and the proof for Theorem A above. It also contains a little discussion about approximations of p-local compact groups by p-local finite groups, where we prove a Stable Elements Theorem (in this particular situation) for p-local compact groups. The last section is devoted to examples (Theorems B and C above).
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Background on p-local compact groups
In this section, we review the definition of a p-local compact group and state some results that we will use later on. Mostly, the contents in this section come from [BLO3] . When this is the case, we will provide a reference where the reader can find a proof, in order to simplify the exposition of this paper.
1.1. Discrete p-toral groups and fusion systems.
Definition 1.1. A discrete p-torus is a group T isomorphic to a finite direct product of copies of
A discrete p-toral group P is an extension of a finite p-group π by a discrete p-torus T. For such a group, we call T (Z/p ∞ ) r the maximal torus of P, and define the rank of P as r.
Discrete p-toral groups were characterized in [BLO3] (Proposition 1.2) as those groups satisfying the descending chain condition and such that every finitely generated subgroup is a finite p-group.
In this paper we will deal with some infinite groups. For an infinite group G, we say that G has Sylow p-subgroups if G contains a discrete p-toral group S such that any finite p-subgroup of G is G-conjugate to a subgroup of S.
For a group G and subgroups P,
. Fusion systems over discrete p-toral groups are defined just as they were defined in the finite case. Definition 1.2. A fusion system F over a discrete p-toral group S is a category whose objects are the subgroups of S and whose morphism sets Hom F (P, P ′ ) satisfy the following conditions:
(ii) Every morphism in F factors as an isomorphism in F followed by an inclusion. Given a fusion system F over a discrete p-toral group S, we will often refer to T also as the maximal torus of F , and the rank of F will then be the rank of the discrete p-toral group S. Two subgroups P, P ′ are called F -conjugate if Iso F (P, P ′ ) ∅. For a subgroup P ≤ S, we denote
For a discrete p-toral group P, the order of P was defined in [BLO3] as |P| = (rk(P), |P/T P |), where T P is the maximal torus of P. Thus, given two discrete p-toral groups P and Q we say that |P| ≤ |Q| if either rk(P) < rk (Q) , or rk(P) = rk (Q) and |P/T P | ≤ |Q/T Q |. Definition 1.3. Let F be a fusion system over a discrete p-toral group S. A subgroup P ≤ S is called fully F -normalized, resp. fully
The fusion system F is called saturated if the following three conditions hold:
(I) For each P ≤ S which is fully F -normalized, P is fully F -centralized, Out F (P) is finite and
. is an increasing sequence of subgroups of S, with P = ∪ ∞ n=1 P n , and if f ∈ Hom(P, S) is any homomorphism such that f |P n ∈ Hom F (P n , S) for all n, then f ∈ Hom F (P, S).
Let (S, F ) be a saturated fusion system over a discrete p-toral group. Note that, by definition, all the automorphism groups in a saturated fusion system are artinian and locally finite. The condition in axiom (I) of Out F (P) being finite is in fact redundant, as was pointed out in Lemmas 2.3 and 2.5 [BLO3] , where the authors show that the set Rep
Given a discrete p-toral group S and a subgroup P ≤ S, we say that P is centric in S, or S-centric, if C S (P) = Z(P). We next define F -centric and F -radical subgroups. Definition 1.4. Let F be a saturated fusion system over a discrete p-toral group. A subgroup P ≤ S is called F -centric if all the elements of P F are centric in S:
Clearly, F -centric subgroups are fully F -centralized, and conversely, if P is fully F -centralized and centric in S, then it is F -centric.
There is, of course, a big difference between working with finite p-groups and with discrete p-toral groups: the number of conjugacy classes of subgroups. Fortunately, in [BLO3] the authors came out with a way of getting rid of infinitely many conjugacy classes while keeping the structure of a given fusion system. This construction will be rather important in this paper, and we reproduce it here for the sake of a better reading. Let then (S, F ) be a saturated fusion system over a discrete p-toral group, and let T be the maximal torus of F and W = Aut F (T). Definition 1.5. Let F be a saturated fusion system over a discrete p-toral group S, and let e denote the exponent of S/T,
(i) For each P ≤ T, let
and let I(P) 0 denote its maximal torus. (ii) For each P ≤ S, set P [e] = {x p e | x ∈ P} ≤ T, and let
(iii) Set H • = {P • |P ∈ F } and let F • be the full subcategory of F with object set Ob(
The following is a summary of section §3 in [BLO3] . (ii) also for each j, P j−1 , P j ≤ Q j and f j (P j−1 ) = P j ; and
It is also worth mentioning the alternative set of saturation axioms provided in [KS] , since it will be useful in later sections. Let F be a fusion system over a finite p-group S, and consider the following conditions:
The following result is a compendium of appendix A in [KS] . A more general version of this result for fusion systems over discrete p-toral groups was proved in [Go] , but is of no use in the paper.
1.2. Linking systems and transporter systems. Linking systems are the third and last ingredient needed to form a p-local compact group. Definition 1.9. Let F be a saturated fusion system over a discrete p-toral group S. A centric linking system associated to F is a category L whose objects are the F -centric subgroups of S, together with a functor ρ : L −→ F c and "distinguished" monomorphisms δ P : P → Aut L (P) for each F -centric subgroup P ≤ S, which satisfy the following conditions. (A) ρ is the identity on objects and surjective on morphisms. More precisely, for each pair of objects P, P ′ ∈ L, Z(P) acts freely on Mor L (P, P ′ ) by composition (upon identifying Z(P) with δ P (Z(P)) ≤ Aut L (P)), and ρ induces a bijection
(B) For each F -centric subgroup P ≤ S and each g ∈ P, ρ sends δ P (g) ∈ Aut L (P) to c g ∈ Aut F (P).
(C) For each ϕ ∈ Mor L (P, P ′ ) and each g ∈ P, the following square commutes in L:
, where S is a discrete p-toral group, F is a saturated fusion system over S, and L is a centric linking system associated to F . The classifying space of G is the p-completed nerve
Given a p-local compact group G, the subgroup T ≤ S will be called the maximal torus of G, and the rank of G will then be the rank of the discrete p-toral group S.
We will in general denote a p-local compact group just by G, assuming that S is its Sylow p-subgroup, F is the corresponding fusion system, and L is the corresponding linking system.
As expected, the classifying space of a p-local compact group behaves "nicely", meaning that BG = |L| ∧ p is a p-complete space (in the sense of [BoK] ) whose fundamental group is a finite p-group, as proved in Proposition 4.4 [BLO3] .
Next we state some properties of linking systems. We start with an extended version of Lemma 4.3 [BLO3] . Lemma 1.10. Let G be a p-local compact group. Then, the following holds.
In particular, every morphism in L is a composite of an isomorphism followed by an inclusion. (iv) All morphisms in L are epimorphisms in the categorical sense. In other words, for all P, Q, R ∈ L and all ϕ ∈ Mor L (P, Q) and
Proof. Since the functor ρ : L → F c is both source and target regular (in the sense of definition A.5 [OV] ) by axiom (A) of linking systems, the proof for Lemma 3.2 [OV] applies in this case as well.
Let G be a p-local compact group, and, for each P ∈ L fix a lifting of incl S S) . Then, by the above Lemma, we may complete this to a family of inclusions {ι P,P ′ } in a unique way and such that ι P,S = ι P ′ ,S • ι P,P ′ whenever it makes sense. Lemma 1.11. Fix such a family of inclusions {ι P,P ′ } in L. Then, for each P, P ′ ∈ L, there are unique injections
, for all g ∈ N S (P, P ′ ), and (ii) δ P is the restriction to P of δ P,P .
Proof. The proof for Proposition 1.11 [BLO2] applies here as well, using Lemma 1.10 (i) above instead of Proposition 1.10 (a) [BLO2] .
We now introduce transporter systems. The notion that we present here was first used in [OV] as a tool to study certain extensions of p-local finite groups. In this sense, most of the results in [OV] can be extended to the compact case without restriction, as proved in [Go] , but we will not make use of such results in this paper. More details can be found at [Go] .
Let G be an artinian locally finite group with Sylow p-subgroups, and fix S ∈ Syl p (G). We define T S (G) as the category whose object set is Ob(T S (G)) = {P ≤ S}, and such that
For a subset H ⊆ Ob(T S (G)), T H (G) denotes the full subcategory of T S (G) with object set H . Definition 1.12. Let F be a fusion system over a discrete p-toral group S. A transporter system associated to F is a category T such that
is an artinian locally finite group; together with a couple of functors
the following axioms:
(A1) Ob(T ) is closed under F -conjugacy and overgroups. Also, ε is the identity on objects and ρ is inclusion on objects.
Then, for each P, P ′ ∈ Ob(T ), E(P) acts freely on Mor T (P, P ′ ) by right composition, and ρ P,P ′ is the orbit map for this action. Also, E(P ′ ) acts freely on Mor
For all ϕ ∈ Mor T (P, P ′ ) and all g ∈ P, the following diagram commutes in T :
(III) Let P 1 ≤ P 2 ≤ . . . be an increasing sequence of subgroups in Ob(T ), and P = ∞ n=1 P n . Suppose in addition that there exists ψ n ∈ Mor T (P n , S) such that
Given a transporter system T , the classifying space of T is the space BT
Note that, in axiom (III), P is an object in Ob(T ), since Ob(T ) is closed under F -conjugacy and overgroups. As in [OV] , the axioms are labelled to show their relation with the axioms for linking and fusion systems respectively. Note also that, whenever S is a finite p-group, the above definition agrees with that in [OV] .
Proof. The usual projection functor ρ : L → F in the definition of a linking system plays also the role of the projection functor in the definition of transporter system. Also, in Lemma 1.11 we have defined a functor ε : T Ob(L) (S) → L. It remains to check that L satisfies the axioms in definition 1.12.
(A1) This follows from axiom (A) on L.
(A2) By axiom (A) on L, we know that, for all P, P ′ ∈ L, E(P) = Z(P) acts freely on Mor L (P, P ′ ) and that ρ P,P ′ is the orbit map of this action. Thus, we have to check that E(
by axiom (C) for linking systems, and thus by axiom (A) we deduce that y = 1, x = 1 and the action is free.
(B) By construction of the functor ε, we know that ε P,P ′ :
Thus, we have to check that the composite ρ P,P ′ • ε P,P ′ sends g ∈ N S (P, P ′ ) to c g ∈ Hom S (P, P ′ ). Note that the following holds for any P, P ′ ∈ L and any x ∈ N S (P, P ′ ):
and hence so does the following on F :
(C) This follows from axiom (C) for linking systems. (I) The group Aut L (S) has Sylow subgroups by Lemma 8.1 [BLO3] , since δ(S) is normal in it and has finite index prime to p. This also proves that δ(S) is a Sylow p-subgroup.
it is fully F -centralized. Then, we may apply axiom (II) for fusion systems to the morphism f = ρ(ϕ), that is, f extends to some f ∈ Hom F (N f , S), where
, where the second equality holds by axiom (C). Hence
(III) Let P 1 ≤ P 2 ≤ . . . be an increasing sequence of objects in L, P = ∪P n , and ϕ n ∈ Mor L (P n , S) satisfying ϕ n = ϕ n+1 • ι P n ,P n+1 for all n. We want to see that there exists some ϕ ∈ Mor L (P, S) such that ϕ n = ϕ • ι P n ,P for all n.
Set f n = ρ(ϕ n ) for all n. Then, by hypothesis,
for all n. Now, it is clear that { f n } forms a nonempty inverse system, and there exists f ∈ Hom F (P, S) such that f n = f |P n for all n (the existence follows from Proposition 1.1.4 in [RZ] , and the fact that f is a morphism in F follows from axiom (III) for fusion systems).
Consider now the following commutative diagram (in F ):
The same arguments used to prove that axiom (II) for transporter systems holds on L above apply now to show that there exists a unique ϕ ∈ Mor L (P, S) such that ϕ 1 = ϕ • ι P 1 ,P . Combining this equality with ϕ 1 = ϕ 2 • ι P 1 ,P 2 and Lemma 1.10 (iv) (morphisms in L are epimorphisms in the categorical sense), it follows that ϕ 2 = ϕ • ι P 2 ,P . Proceeding by induction it now follows that ϕ satisfies the desired condition.
Finally we state Proposition 3.6 from [OV] , deeply related to Theorem A in [BCGLO1] . These two results are only suspected to hold in the compact case, but yet no proof has been published. Before stating the result, we introduce some notation. For a finite group G, the subgroup 
Unstable Adams operations on p-local compact groups.
To conclude this section, we introduce unstable Adams operations for p-local compact groups and their main properties. Basically, we summarize the work from [JLL] in order to give the proper definition of such operations and the main properties that we will use in later sections. Let (S, F ) be a saturated fusion system over a discrete p-toral group, and let θ : S → S be a fusion preserving automorphism (that is, for each f ∈ Mor(F ), the composition θ • f • θ −1 ∈ Mor(F )). The automorphism θ naturally induces a functor on F , which we denote by θ * , by setting θ * (P) = θ(P) on objects and θ * ( f ) = θ • f • θ −1 on morphisms. Definition 1.16. Let G = (S, F , L) be a p-local compact group and let ζ be a p-adic unit. An unstable Adams operation on G of degree ζ is a pair (ψ, Ψ), where ψ is a fusion preserving automorphism of S, Ψ is an automorphism of L, and such the following is satisfied:
(i) ψ restricts to the ζ power map on T and induces the identity on S/T; (ii) for any P
In particular, Ψ is an isotypical automorphism of L in the sense of [BLO3] .
For a p-local compact group G, let Ad(G) be the group of unstable Adams operations on G, with group operation the composition and the indentity functor as its unit. Also, for a positive 
There is an important property of unstable Adams operations which we will use repeatedly in the forthcoming sections. This was stated as Corollary 4.2 in [JLL] . Proposition 1.18. Let G be a p-local compact group, and let P ⊆ Ob(L) and M ⊆ Mor(L) be finite subsets. Then, for any sufficiently large positive integer m, and for each ζ ∈ Γ m (p), the group homomorphism α from (1) satisfies α(ζ)(P) = P and α(ζ)(ϕ) = ϕ for all P ∈ P and all ϕ ∈ M.
, and hence the automorphism ψ is completely determined by Ψ. Thus, for the rest of this paper we will make no mention of ψ (unless necessary) and refer to the unstable Adams operation (ψ, Ψ) just by Ψ.
Families of operations and invariance
Let G be a p-local compact group, and let Ψ be an unstable Adams operation on G. The degree of Ψ will not be relevant in any of the constructions introduced in this section, and thus we will make no reference to it.
Let S Ψ ≤ S be the subgroup of fixed elements of S under the fusion preserving automorphism
and more generally, for a subgroup P ≤ S, let P Ψ = P ∩ S Ψ .
Remark 2.1. The action of Ψ on the fusion system F is somehow too crude to allow us to see any structure on the fixed points, since for each H ≤ S Ψ ,
We look then for fixed points in L.
Proof. This follows by axiom (C) for linking systems, applied to each δ(x) ∈ δ(P Ψ ) ≤ Aut L (P), since then both δ(x) and ϕ are Ψ-invariant morphisms in L.
The above Lemma justifies then defining the fixed points subcategory of L as the subcategory L Ψ with object set Ob(L Ψ ) = {P ∈ Ob(L) | Ψ(P) = P} and with morphism sets
We can also define the fixed points subcategory of F as the subcategory F Ψ with object set the set of subgroups of S Ψ , and such that
F Ψ is, by definition, a fusion system over the finite p-group S Ψ , but the category L Ψ is far from being a transporter system associated to it.
Remark 2.3. This way of considering fixed points has many disadvantages. For instance, there is no control on the morphism sets Hom F Ψ (P, Q), since given a subgroup H ≤ S Ψ there might be several subgroups P ∈ Ob(L Ψ ) such that P ∩ S Ψ = H. It becomes then rather difficult to check any of the saturation axioms on F Ψ . Another issue is the absence of an obvious candidate of a transporter system associated to F Ψ .
To avoid the problems listed in Remark 2.3, we can try different strategies. For instance, instead of considering a single operation Ψ acting on G, we can consider a (suitable) family of operations {Ψ i } i∈N on G. This will be specially useful when proving that certain properties hold after suitably increasing the power of Ψ. The situation is improved when we restrict our attention to the full subcategory L • ⊆ L, since, by [JLL] , unstable Adams operations are completely determined by its action on L • . We can also restrict the morphism sets that we consider as fixed by imposing stronger invariance conditions. 2.1. A family of operations. Starting from the unstable Adams operation Ψ, we consider an specific family of operations which will satisfy our purposes. Set first Ψ 0 = Ψ, and let Ψ i+1 = (Ψ i ) p , that is, the operation Ψ i iterated p times. Consider the resulting family {Ψ i } i∈N fixed for the rest of this section, and note that, if an object or a morphism in L is fixed by Ψ i for some i, then it is fixed by Ψ j for all j ≥ i.
Remark 2.4. By Corollary 4.2 [JLL]
, we may assume that there exist a subset H ⊆ Ob(L • ) of representatives of the S-conjugacy classes in L • and a set M = P,R∈H M P,R , where each M P,R ⊆ Iso L (P, R) is a set of representatives of the elements in Rep F (P, R), and such that (i) Ψ(P) = P for all P ∈ P; and (ii) Ψ(ϕ) = ϕ for all ϕ ∈ M.
Let us also fix some notation. For each i, set
and more generally, for each subgroup R ≤ S, set R i = R∩S i . In particular, the notation T i means the subgroup of T (the maximal torus) of fixed elements under Ψ i rather than the subgroup of T of exponent p i . There will not be place for confusion about such notation in this paper.
Lemma 2.5. For each i, T i T i+1 , and hence T = i∈N T i .
As a consequence, we deduce the following. Proposition 2.6. The following holds in L.
(i) Let P ∈ Ob(L). Then, there exists some M P such that, for all i
Next we provide a tool to detect Ψ i -invariant morphisms in L • . Note that, for any morphism ϕ ∈ Mor(L), the following holds by Proposition 3.3 [BLO3] .
Our statement is proved by comparing morphisms in L • to the representatives fixed in M, which we know to be Ψ i -invariant (for all i) a priori.
Lemma 2.7. Let P, R be representatives fixed in 2.4, and let Q ∈ P S and Q ′ ∈ R S . Then, a morphism
Proof. Note that condition (ii) above is equivalent to
Let then a = x ∈ N S (P, Q) and b = y · z −1 ∈ N S (R, Q ′ ). This way, condition (i) is satisfied, and we have to check that condition (ii) is also satisfied. Since both ϕ and ϕ ′ are Ψ i -invariant, we may apply Ψ i to (i) to get the following equality
which is clearly equivalent to condition (ii) since morphisms in L are epimorphisms in the categorical sense. Suppose now that condition (i) and (ii) are satisfied for certain a, b and ϕ. Write ϕ = δ(b −1 ) • ϕ ′ • δ(a) and apply Ψ i to this equality. Since ϕ is Ψ i -invariant, we get
Thus, after reordering the terms in this equation and using condition (ii') above, we obtain
which implies that Ψ i (ϕ ′ ) = ϕ ′ since morphisms in L are epimorphisms in the categorical sense.
2.2. A stronger invariance condition. Given an arbitrary Ψ i -invariant object P in L • , there is no way a priori of relating P i to P, not to say of comparing C S (P i ) or N S (P i ) to C S (P) or N S (P) respectively. This turns out to be crucial if we want to study fixed points on G under the operation Ψ i . This is the reason why we now introduce a stronger invariance condition for an object in L • to be Ψ i -invariant. This is a condition on all objects in F • .
Definition 2.8. Let K ≤ S be a subgroup. We say that a subgroup P ∈ Ob(F • ) is K-determined if
For a K-determined subgroup P ≤ S we call the subgroup P ∩ K the K-root of P.
Our interest lies on the case K = S i , in which case Ψ i -invariance is a consequence.
Lemma 2.9. Let P ∈ Ob(F • ) be an S i -determined subgroup for some i. Then, P is Ψ i -invariant.
Proof. Note that, if (P i ) • = P, then P = P i · T P , where T P is the maximal torus of P, since P i is a finite subgroup of P. Thus, by applying Ψ i to P, we get
We prove now that actually S i -determined subgroups exist (for i big enough).
Lemma 2.10. Let P ∈ Ob(F • ). Then, there exists some M P ≥ 0 such that, for all i ≥ M P , P is S i -determined.
Proof. Let T P be the maximal torus of P, and note that P = ∪P i . Thus, there exists some M such that, for all i ≥ M, R i contains representatives of all the elements of the finite group R/T R . Since P • = P and Aut F (T) is a finite group, it follows then that there must exist some M P ≥ M such that, for all i ≥ M P , (P i ) • = P.
We can then assume that all the objects fixed in Remark 2.4 are S i -determined for all i, since there are only finitely many of them in the set H .
One must be careful at this point. Given P, R S i -determined subgroups, if P i and R i are F -conjugate, then the properties of ( ) • imply that so are P and R, but the converse is not so straightforward.
Lemma 2.11. There exists some M 1 ≥ 0 such that, for all P ∈ H and all i ≥ M 1 , if Q ∈ P S is S i -determined then Q i is S-conjugate to P i .
Proof. Since H contains finitely many S-conjugacy classes of subgroups and each S-conjugacy class contains finitely many T-conjugacy classes of subgroups, it is enough to prove the statement for a single T-conjugacy class, say P T .
Given such subgroup P, let π = P/(P∩T) ≤ S/T, and let P ≤ S be the pull-back of S → S/T ← π. Then, for any Q ∈ P T , the following clearly holds:
For any section σ : π → P of the projection P → π, let Q σ = (P ∩ T) · σ(π) ≤ P. Given a random section σ, the subgroup Q σ will not in general be in the T-conjugacy class of P, but it is clear that for every Q ∈ P T there exists some σ such that Q = Q σ . Now, up to T-conjugacy, the set of sections σ : π → P is in one to one correspondence with the cohomology group H 1 (π; T), which is easily proved to be finite by an standard transfer argument. Thus, we can fix representatives σ 1 , . . . , σ l of T-conjugacy classes of sections such that Q σ j ∈ P T for all j. For each such section, let H j = σ j (π) ≤ P. It is clear then that there exists some M P such that, for all i ≥ M P , H 1 , . . . , H l ≤ S i and Q σ 1 , . . . , Q σ l are all S i -determined.
Let now Q ∈ P T be S i -determined. In particular, this means that there exists a section σ : π → P ∩ S i such that Q = Q σ . Such a section is T-conjugate to some σ j in the list of representatives previously fixed, namely there exists some t ∈ T such that σ = c t • σ j . Note that this implies that H σ de f = σ(π) ∈ H j T , and hence Q ∈ Q σ j T . To finish the proof, note that
We now prove some properties of S i -determined subgroups.
Proposition 2.12. There exists some M 2 ≥ 0 such that, for all i ≥ M 2 , if P is S i -determined, then
Proof. Let X be a set of representatives of the S-conjugacy classes in Ob(F • ), and note that this is a finite set by Lemma 3.2 (a) in [BLO3] .
For any P ∈ X, consider the set {T R | R ∈ P S } of maximal tori of subgroups in P S . This is a finite set, since, for any two R, Q ∈ P S and any f ∈ Iso F (R, Q) the isomorphism f |T R : T R → T Q has to be the restriction of an automorphism of Aut F (T), by Lemma 2.4 (b) [BLO3] , and Aut F (T) is a finite group. It is clear then that there exists some M P such that, for all i ≥ M P and all R ∈ P S ,
Let now i ≥ M P and let R ∈ P S be S i -determined. We can then write R = R i · T R and R i = R i · (T R ) i , and it follows that
The proof is finished by taking M 2 = max{M P | P ∈ X}.
The following result is an easy calculation which is left to the reader.
Lemma 2.13. Let P, Q ≤ S be S i -determined subgroups such that
Since, for any H ≤ K ≤ S we have C K (H) = K ∩ C S (H), the following are immediate consequences of Proposition 2.12.
Corollary 2.14. Let i ≥ M 2 and let P be S i -determined. If C S (P) = Z(P), then C S i (P i ) = Z(P i ).

Corollary 2.15. There exists some M 3 ≥ 0 such that, for all i ≥ M 3 , if Q is S i -determined and C S (Q) Z(Q), then C S i (Q i ) Z(Q i ).
Proof. As usual, since Ob(F • ) contains finitely many T-conjugacy classes of subgroups P such that C S (P) Z(P), it is enough to prove the statement for a single T-conjugacy class of such subgroups.
Fix such a subgroup P. We can assume that the statement holds for P, and let z ∈ C S (P) \ Z(P) be such that z ∈ C S i (P i ) \ Z(P i ) (such an element exists by Proposition 2.12). Let now Q ∈ P T be S i -determined, and let x ∈ N S (P i , Q i ) (such an element exists by Lemma 2.11). Let also
by Lemma 2.7. In this case, let M P = M 2 as in Proposition 2.12.
On the other hand, if Z(P) ∩ T C T (P), then we can take the element z above to be in C T (P) \ (Z(P) ∩ T). It is clear then that there exists some
The proof is finished then by taking M 3 to be the maximum of the M P among a finite set of representatives.
We can also relate the normalizer of P i to the normalizer of P.
Proposition 2.16. There exists some M 4 ≥ 0 such that, for all i ≥ M 4 , if P is S i -determined, then
This is not obvious at all, since the properties of ( ) • only tell us that, for x ∈ N S (P i ), there exists a unique f ∈ Aut F (P) extending the isomorphism c x ∈ Aut F (P i ).
Proof. Again, it is enough to check the statement for a single S-conjugacy class of objects in F • . Let then P be a representative of such an S-conjugacy class, and consider the set {T R | R ∈ P S } (which is a finite set, as we have shown in the proof for Proposition 2.12).
It follows then that there exists some M 4 such that, for all i ≥ M 4 and all R ∈ P S , if g ∈ N S ((T R ) i ) then g ∈ N S (T R ). The proof is finished since, for R ∈ P S which is S i -determined (i ≥ M 4 ), there is an equality R = R i · T R .
Strongly fixed points
Using the notion of S i -determined subgroups we introduce the strongly fixed points of G under the action of Ψ i , and prove their main properties. In particular this section contains the proof of Theorem A.
For each i, consider the sets
and note that the functor ( ) • gives a one-to-one correspondence between these two sets. Let also H i be the closure of H i by overgroups in S i . Finally, for each pair
Recall from Lemma 2.2 that, given a Ψ i -invariant morphism ϕ : P → R in L, the homomorphism f = ρ(ϕ) restricts to a homomorphism f i : P i → R i . Thus, we can consider, for each pair P i , R i ∈ H i , the set
Again, the functor ( ) • provides a bijection from the above set to Hom F ,i (P, R).
Definition 3.1. For each i, the i-th strongly fixed points fusion system is the fusion system F i over S i whose morphisms are compositions of restrictions of morphisms in {A(
The category F i is indeed a fusion system over S i , as well as a fusion subsystem of F . Let L • i be the category with object set H i and whose morphism sets are spanned by the sets Mor L,i (P, R), after identifying the sets H i and
is well-defined since, in fact, it can be thought as a subcategory of L, although its actual definition will make more sense for the purposes of this paper.
We want now to close L • i by overgroups, and one has to be careful at this step. Let H, K ∈ H i be arbitrary subgroups, and let P, R ∈ H • i be such that H ≤ P, K ≤ R. We say then that a morphism ϕ ∈ Mor L,i (P, R) restricts to a morphism ϕ : H → K if f = ρ(ϕ) : P → R restricts to a homomorphism f |H : H → K in F . We need a technical lemma before we define the closure of L • i by overgroups. As a consequence of this result, for any H ∈ H i , the subgroup (H • ∩ S i ) ∈ H i .
Lemma 3.2. For any subgroup H ≤ S i , the subgroup H • ≤ S is S i -determined. If, in addition, H ∈ H
i , then H • is F -centric. Proof. To show that H • is S i -determined, we have to prove that (H • ∩ S i ) • = H • . Since H ≤ H • ∩ S i ≤ H • ,
Definition 3.3. For each i, the i-th strongly fixed points transporter system is the category L i with object set H i and with morphism sets
Finally, the i-th strongly fixed points system is the triple
The composition rule in L i is induced by the composition rule in L, and hence is well-defined. L i is called a transporter system since we will prove in this section that it actually has such structure.
3.1. Properties of the strongly fixed points subsystems. We now study the properties of each of the triples G i defined above. At some point this will require increasing the degree of the initial operation Ψ again, and also fix some more objects and morphisms in L, apart from those already fixed in Remark 2.4. First, we describe some basic properties of the triples G i , most of which are inherited from the properties of L.
Lemma 3.4. For all i and for all
Proof. by definition of F i and L i , it is enough to show only point (ii). The proof is done then by induction on the order of the subgroups P i , R i ∈ H i . First, we consider the case P i = R i = S i . This case is obvious since in H i the subgroup S i has no overgroups. Consider now a pair P i , R i S i . There is an obvious inclusion
is a composition of restrictions of Ψ i -invariant morphisms in L, by the induction hypothesis, and hence we have the equality.
The category L i also has associated a functor ( ) • i , induced by the original ( ) • in L. Next we describe this functor in L i and its main properties, most of which are identical to those of ( )
Recall that by definition,
is the identity on H i by construction.
Proposition 3.5. The following holds for ( )
(ii) This property follows from Lemma 3.2 (c) [BLO3] . 
is a bijection for all H i ∈ H i and all P i ∈ H i . Proof. Clearly, each L i is a nonempty finite category with Ob(L i ) ⊆ Ob(F i ). The first step to prove the statement is to define the pair of functors
actually these two functors are naturally induced by L. Indeed, the functor ε : T Ob(L) (S) → L restricts to a functor ε i as above. With respect to the functor ρ i , the projection functor ρ : L → F naturally induces a functor
We next proceed to prove that all the axioms for transporter systems in definition 1.12 are satisfied (after considering a suitable power of Ψ). Note first that using the functor ( ) • i , it is enough to prove the axioms on the subset H i ⊆ Ob(L i ). Recall by Proposition 1.13 that L satisfies the axioms of a transporter system.
Axioms (A1), (A2), (B) and (C) hold by definition of G i and by the same axioms on L. Next we show that axiom (I) holds. By Proposition 3.4, there is an equality Aut
Furthermore, by definition of all these groups, and because we have fixed representatives of the elements of Out F (S) in M, there is a group extension
Thus, since {1} ∈ Syl p (Out F (S)), the axiom follows. There is no need of checking that axiom (III) of transporter systems holds in this case, since L i is a finite category. Axiom (II) will be proved by steps, since we need to discard finitely many of the first operations in {Ψ i }. We recall here its statement.
The proof of axiom (II) is then organized as follows. First, we fix a finite list of representatives of all possible such extensions in L (up to conjugacy by an element in S). In the second step we prove the axiom for the representatives fixed in the set H of Remark 2.4, and finally in the third step we prove the general case.
• Step 1. Representatives of the extensions. Q i ) as in the statement of axiom (II). By definition of L i and H i , it is equivalent to consider in L the corresponding situation:
Note that, by Lemma 3.2, the subgroups P, Q, P and Q are S i -determined. We have then translated a situation in L i to a situation in L. We will keep this notation for the rest of the proof.
Note first that if P ∈ Ob(L), then the quotient N S (P)/P is finite. Indeed, since C S (P) = Z(P), it follows that N S (P)/P (N S (P)/Z(P))/(P/Z(P)) = Out S (P) ≤ Out F (P), and this group is finite by axiom (I) for saturated fusion systems (or by Proposition 2.3 [BLO3] ).
As a consequence, if we fix P, Q ∈ Ob(L) and a morphism ϕ ∈ Mor L (P, Q), then, up to conjugacy by elements in S, there are only finitely many morphisms ϕ : P → Q such that P ⊳ P, Q ⊳ Q and ϕ extends ϕ.
Consider then the sets H and M fixed in Remark 2.4. For each morphism ϕ : P → Q fixed in M, we can fix representatives (up to S-conjugacy) of all possible extensions ϕ : P → Q. Let M be s set of all such representatives:
It is clear then that there exists some M Ψ such that, for all i ≥ M Ψ , the following holds:
(i) each extension ϕ in the above set is Ψ i -invariant; (ii) for each such ϕ, the source subgroup, P, is S i -determined; and (iii) each P is S i -conjugate to the corresponding representative of P S fixed in H .
• Step 2. Both P and Q are in the set H fixed in 2.4.
In this case, there are ϕ ′ ∈ M and x ∈ Q such that ϕ = δ(x) • ϕ ′ . Furthermore, since both ϕ and ϕ ′ are Ψ i -invariant, so is δ(x), and hence x ∈ Q i . Let then ϕ ′ ∈ M be the extension of ϕ ′ which sends P to x · Q · x −1 , and let
It follows then that ϕ : P → Q is an extension of ϕ, which in addition is Ψ i -invariant since both δ(x) and ϕ ′ are. We just have to consider the corresponding morphism in L i to prove that axiom (II) holds in this case, since P and Q are S i -determined.
• Step 3. One (or possibly both) of the subgroups P, Q is not in H .
Since ϕ is Ψ i -invariant, it follows from Lemma 2.7 that there exist subgroups R, R ′ ∈ H , a morphism ϕ ′ ∈ M R,R ′ , and elements a ∈ N S (R, P) and b ∈ N S (R ′ , Q) such that
Since ϕ is Ψ i -invariant, and by Lemma 4.3 [BLO3] , it follows then that ϕ is also Ψ i -invariant. Since P, Q are S i -determined, the proof is finished by considering then the morphism induced in L i by ϕ.
By Corollary 3.6, the following statement is still true after replacing Ob(L i ) by the subset H i . 
Corollary 3.8. For each i
It is easy to check that this is a well-defined functor: since P i ∈ H i is the (unique) S i -root of the S i -determined subgroup P ∈ Ob(L • ), it follows by construction that P i+1 is an element of the set H i+1 , and by definition of L i and L i+1 , there is a natural inclusion of sets
for all P i , Q i ∈ H i , which is a group monomorphism whenever P i = Q i . It follows then that Θ i is faithful for all i. Note that in general the functor Θ i does not induce a commutative square
For instance, whenever S has positive rank, we have
. This is not a great inconvenience, as we prove below. Let F Proof.
] for each P i ∈ H i , and set also
), where f i+1 = res
. This is well-defined since S i -roots are unique, and because of the properties of ( ) • . In particular, it follows from Proposition 3.3 [BLO3] that the above square is always commutative, and hence τ i is a natural transformation.
This way, we have a sequence of maps
and we can ask about the homotopy colimit of this sequence. Let I be the poset of the natural numbers with inclusion, and let Θ : I → Top be the functor defined by
Theorem 3.10. There is a homotopy equivalence
Proof. The statement follows since, as categories,
We finally study the elements of a set H i as objects in F j for j ≥ i. Proposition 3.11. Let P i ∈ H i . Then, the following holds:
Proof. Property (i) is a consequence of Proposition 2.12. Properties (ii) and (iii) are consequence of the Proposition below.
Proposition 3.12. Let P ≤ S be F -quasicentric and S i -determined for some i. Then, -quasicentric, and (ii) 
Proof. The proof is done by steps.
• Step 1. Let H ∈ P i F and Q = (H) • . Then there are equalities
Indeed, for P i the equality holds by Proposition 2.12, since P is S i -determined. Also, since P is S i -determined, we can write
Let now H ∈ P i F , Q = (H) • , and let f ∈ Iso F (P i , H). Using the infinitely p-divisibility property of T P , we can write then
where the second equality holds by (the proof of) Proposition 2.12, since we had previously fixed representatives of all the S-conjugacy classes in P F in 2.4.
• Step 2. For each H ∈ P i F , H is F -quasicentric.
Let C F (H) be the centralizer fusion system of H, and note that, in particular, C F (H) is a fusion system over C S (H) = C S (Q) . Let also f : R → R ′ be a morphism in C F (H). By definition of C F (H), there is a morphism f : R · H → R ′ · H in C F (H) which extends f and such that it restricts to the identity on H.
By applying ( ) • to f , we obtain a new morphim ( f ) • which restricts to f • : (R) • → (R ′ ) • and to the identity on (H) • = Q. It follows then that f • is a morphism in C F (Q) . On the other hand, there is an obvious inclusion of categories C F (Q) ⊆ C F (H), which is in fact an equality by the above. Since Q is F -quasicentric by hypothesis, the proof of Step 2 is finished.
• Step 3. For each j ≥ i and each
This case follows by Step 1, together with the properties of the functor ( ) • , since we can identify C F j (H) with a subcategory of C F (H).
3.2. Consequences of the existence of approximations by p-local finite groups. We have skipped in the previous section the issue of the saturation of the fusion systems F i . This is a rather difficult question and we want to discuss it apart from the main results. In this section we will also study some consequences of the case when the triples G i are p-local finite groups. Examples of this situation will be described in the following section.
Recall that we have used Proposition 3.6 [OV] to prove that for each i the fusion system F i is Ob(L i )-generated and Ob(L i )-saturated. Recall also that Proposition 3.6 [OV] gives conditions for the fusion systems F i to be saturated: each
The disadvantage of proving the saturation of F i by means of this result lies obviously on the difficulty in checking the above condition, but the advantage of proving saturation using it is also great, since in particular this would mean that all F i -centric F i -radical subgroups are in Ob(L i ). Indeed, note that if there was some
defined in the previous section could not be extended to a whole centric linking system associated to F i (at least in an obvious way), and the functors Θ i would not be valid any more.
In order to check the condition above, we can consider the following two situations:
The difficult case to study is (b), but we can prove rather easily that condition (4) is always satisfied in case (a). Proof.
Via the above inclusion of automorphism groups in F i , we can see A as To prove the second part of the statement, let S ′ 0 = ∪P n , where P 0 = T, and P n+1 is the subgroup of S generated by P n together with all the elements of S which are F -subconjugate to P n . This is clearly an strongly F -closed subgroup, hence S 0 ≤ S ′ 0 . On the other hand, if S 0 S ′ 0 , then there exists x ∈ S ′ 0 \ S 0 and a morphism f : x → T in F contradicting the fact that S 0 is strongly F -closed.
Next we describe the possible isomorphism types of S 0 in the rank 1 case. The following criterion will be useful.
Lemma 4.4. Let G be a p-local compact group, and let P ≤ S be F -subconjugate to T. Then,
This Lemma can be understood as follows. If x ∈ S is F -conjugate to an element in T, then either x is already an element in T or x acts nontrivially on T.
Proof. Let f : P → T be a morphism in F . We can assume without loss of generality that P = x and that P ′ = f (P) is fully F -centralized, since it is a subgroup of T. This way we can apply axiom (II) for saturated fusion systems to f to see that it extends to a morphism f ∈ Hom F (C S (P) · P, S).
Suppose then that x acts trivially on T. In particular, T ≤ C S (P), and thus in particular f restricts to f : T · P → S. The infinitely p-divisibility of T and the hypothesis on f imply then that f (T) = T and f (P) ≤ T respectively, and hence P ≤ T.
The above result implies that the quotient S 0 /T can be identified with a subgroup of Aut(T) = GL r (Z ∧ p ), where r is the rank of T. When r = 1,
, and we can prove the following.
Proof. The case p > 2 is immediate, since Aut(T) does not contain any finite p-subgroup, and hence S 0 /T has to be trivial. Suppose then the case p = 2. In this case, Aut(T) contains a finite 2-subgroup isomorphic to Z/2, and hence either S 0 /T = {1} or S 0 /T Z/2. If S 0 /T = {1}, then S 0 = T and there is nothing to prove. Suppose otherwise that S 0 /T Z/2. Then S 0 fits in an extension T → S 0 → Z/2. By IV.4.1 [McL] and II.3.8 [AM] , the group
classifies all possible extensions T → S 0 → S 0 /T up to isomorphism. Here, the superindex on T means that the coefficients are twisted by the action of Z/2 on T. Thus, up to isomorphism, there are only two possible discrete 2-toral groups of rank 1 with the desired action on T and such that S 0 /T Z/2, and the proof is finished since both D 2 ∞ and Q 2 ∞ satisfy these conditions and are non-isomorphic.
The proof of Theorem 4.1 will be done by cases, depending on the isomorphism type of S 0 .
As happened when proving that L i is a transporter system associated to F i (Theorem 3.7), proving Theorem 4.1 will require fixing some finite list of objects and morphisms in F and considering operations Ψ i of degree high enough.
Remark 4.6. More specifically, we fix (i) a set P ′ of representatives of the S-conjugacy classes of non-F -centric objects in F • ; and (ii) for each pair H, K ∈ P ′ such that K is fully
is F -centric F -radical and fully F -normalized for j = 1, . . . , k, and Lemma 4.7. Let H ∈ P ′ be S-centric, and let K ∈ P ′ ∩ H F be any non-S-centric object. Then, the set Hom F (H, K) contains an element f , together with a decomposition as (5), such that for all j = 1, . . . , k
Proof. Suppose first that S 0 = T. Since in this case T is strongly F -closed, the condition holds by axiom (C) for linking systems. Also if S 0 Q 2 ∞ it is easy to see that T 1 ≤ T (the order 2 subgroup of T) is strongly F -closed (in fact it is F -centra), and either C T (R) = T or C T (R) = T 1 . In both cases then the statement follows easily by axiom (C) of linking systems and the properties of T and T 1 .
We are thus left to consider the case S 0 D 2 ∞ . Note that in this case every element in the quotient S/S 0 acts trivially on T. Also, Z(S) ∩ T = T 1 , but now this subgroup is not strongly F -closed, and the subgroups T n , n ≥ 2, are all weakly F -closed (this holds since the only elements of S 0 of order 2 n are all in T).
Set for simplicity L = L j , ϕ = ϕ j and f = f j . If C T (L) ≥ T n for some n ≥ 2, then the condition above holds directly by axiom (C) for linking systems, since T n is weakly F -closed. We can assume thus that C T (L) = T 1 . Even more, if L ∩ S 0 = T 1 , then the condition above still holds since S 0 is strongly F -closed.
By inspection of S 0 , this leaves only one case to deal with
for some element x which has order 2. If we set t 2 for a generator of T 2 ≤ T, then it is also easy to check that t 2 normalizes L 0 , and in fact, since L/L 0 acts trivially on T, it also normalizes L, R j−1 and R j . Set also t 1 for the generator of T 1 . The automorphism group of L 0 is isomorphic to Σ 3 , generated by c t 2 together with an automorphism f 0 of order 3 which sends t 1 to x and x to xt 1 .
Note that the assumption that S 0 D 2 ∞ implies that Aut F (L 0 ) Σ 3 . For the purposes of the proof we can now assume that f restricts to f 0 .
Let
. It is easy to see that ω induces the identity on L/L 0 , and by inspecting the automorphism group of L 0 it follows that ω |L 0 = f 0 .
Consider now f ′ = ω −1 • f . By definition, f ′ induces the same automorphism on L/L 0 as f , and the identity on L 0 . To show that we can replace f by f ′ we have to show that the image of R j−1 by f and f ′ are the same:
is normalized by t 2 by the above arguments.
We can assume then that, for each pair H, K ∈ P ′ (with C S (K) ≥ Z(K)) the set M H,K fixed in Remark 4.6 contains at least a morphism f satisfying Lemma 4.7 above. , it is enough to prove that there exists such M Ψ such that, for all S i -determined subgroups R, R i is F i -centric if and only if R is F -centric. Recall that Corollary 2.14 proves the "if" implication in the above claim. Furthermore, Corollary 2.15 says that if R is not S-centric, then R i is not S i -centric.
The rest of the proof is then devoted to show that if R i ≤ S i is an S i -root such that R = (R i ) • is S-centric but not F -centric, then R i is not F i -centric. We can also assume that R i is maximal in the sense that if Q i ≤ S i is such that R i Q i , then either Q i is F i -centric or it is not an S i -root.
Let H ∈ R S be the representative of this S-conjugacy class fixed in P ′ (Remark 4.6), and let K ∈ P ′ ∩ R F be fully F -normalized. Note that both H i and K i are not F i -centric by assumption (Remark 4.6). Let f ∈ M H,K be as in Lemma 4.7, and let
be the decomposition (5) fixed in Remark 4.6 for the morphism f , together with the liftings ϕ j ∈ Aut L (L j ). Let also x ∈ N S (H i , R i ). By Lemma 2.13, Ψ i (x)x −1 ∈ C T (R), or, equivalently,
We can now apply axiom (C) to ϕ 1 and the element τ 0 . By hypothesis (Lemma 4.7), f 1 (C T (H)) ≤ T, so in particular f 1 (τ 0 ) = τ 1 for some τ 1 ∈ T. Let then t ∈ T be such that
and let
). It follows from Lemma 2.7 that ϕ ′ 1 is Ψ i -invariant, and L ′ 1 (or a certain proper subgroup) is F -centric and S i -determined. Proceeding inductively through the whole sequence f 1 , . . . , f k , we see that F i contains a morphism sending R i to a subgroup Q i which is not S i -centric, and hence R i is not F i -centric.
Remark 4.8. Since p-local compact groups of rank 1 are approximated by p-local finite groups, we know (Theorem 3.17) that the Stable Elements Theorem hold for all of them. This result was used in [BLO2] to prove Theorem 6.3, which states that, given a p-local finite group G, a finite group Q and a homomorphism ρ : Q → S such that ρ(Q) is fully centralized in F , there is a homotopy equivalence |C L (ρ(Q))|
where C L (ρ (Q) ) is the centralizer linking system defined in appendix §A [BLO2] . The proof for this result in [BLO2] used an induction step on the order of S and on the "size" of L. However, since rank 0 p-local compact groups are just p-local finite groups, we could use the same argument to prove the above statement for p-local compact groups of rank 1, with some minor modifications. We have skipped it in this paper since it is not a general argument (it would only apply to p-local compact groups of rank 1), and requires a rather long proof.
The unitary groups U(n).
We prove now that the p-local compact groups induced by the compact Lie groups U(n), n ≥ 1, are approximated by p-local finite groups. As proved in Theorem 9.10 [BLO3], every compact Lie group G gives rise to a p-local compact group G such that (BG) ∧ p ≃ BG. Theorem 4.9. Let G(n) be the p-local compact group induced by the compact Lie group U(n). Then every unstable Adams operation Ψ approximates G(n) by p-local finite groups.
The key point in proving this result is the particular isomorphism type of the Sylow subgroups of U(n). Indeed, the Weyl group W n of a maximal torus of U(n) is (isomorphic to) the symmetric group on n-letters, Σ n . The action of W n on the maximal tori of U(n) is easier to understand on the maximal torus of U(n) formed by the diagonal matrices, T, where it acts by permuting the n nontrivial entries of a diagonal matrix (see §3 [MT] for further details). Furthermore, the following extension is split T −→ N U(n) (T)
Let us fix some notation. Let {t k } k≥0 be a basis for Z/p ∞ , that is, each t k has order p k , and t p k+1
= t k for all k. Let also T = (Z/p ∞ ) n , with basis {(t (1) k 1 , . . . , t (n) k n ) k 1 ,...,k n ≥0 }. This way, the symmetric group Σ n acts on T by permuting the superindexes. In addition, if Σ ∈ Syl p (Σ n ), then S = T ⋊ Σ can be identified with the Sylow p-subgroup of the p-local compact group G(n).
Lemma 4.10. Let P ≤ S. Then, C T (P) is a discrete p-subtorus of T.
Proof. We proof that every element in C T (P) is infinitely p-divisible. Let π = P/(P ∩ T) ≤ Σ ≤ Σ n , and let t ∈ C T (P). Note that this means that xtx −1 = t for all x ∈ P.
In the basis that we have fixed above, t = (λ 1 t
(1) k 1 , . . . , λ n t (n) k n ), where the coefficients λ j are in (Z/p) × , and, for all σ ∈ π, if σ(j) = l, then λ j = λ l and k j = k l .
For each orbit of the action of π in the set {1, . . . , n} let j be a representative. Let also t j = λ j t ( j) k j be the j-th coordinate of t, and let u j be a p-th root of t j in Z/p ∞ .
We can consider the element t ′ ∈ T which, in the coordinate l, has the p-th root u j which corresponds to the orbit of l in {1, . . . , n} under the action of π. This element is then easily seen to be a p-th root of t, as well as invariant under the action of π. Thus, t ′ ∈ C T (P), and this proves that every element in C T (P) is infinitely p-divisible.
Proof. (of Theorem 4.9). We first prove the following statement:
• Let P ≤ S. There exists some M ′ P ≥ 0 such that, for all i ≥ M ′ P , if R ∈ P S is S i -determined, then R i is S i -conjugate to P i .
